STRUCTURE OF NORMAL TWISTED GROUP RINGS 
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VICTOR BOVDI 

Abstract. Let K\G be the twisted group ring of a group G over a commutative ring 
K with 1, and let A be a factor set (2-cocycle) of G over K. Suppose / : G — > U(K) 
is a map from G onto the group of units U(K) of the ring K satisfying /(l) = 1. 
If x = ^2g£Q otgUg G K\G then we denote ^g^G a 9^d) u 9 by and assume 
that the map x — > 2;^ is an involution of K\G. In this paper we describe those 
groups G and commutative rings K for which K\G is /-normal, i.e. cccc-^ = x$ x for 
; all x G K\G. 

o 

■i— > 

1. Introduction 

Let G be a group and X a commutative ring with unity. Suppose that the 
elements of the set A = {X a ,b G U(K) | a, b G G} satisfy the condition 

j (1) A ai f,A a b jC = Ab, c A ai t, c 

for all a, 6, c G G. Then A will be called a factor system (2-cocycle) of the group G 
over the ring K. The twisted group ring K\G of G over the commutative ring K 
is an associative -KT-algebra with basis {u g | g G G} and with multiplication defined 
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distributively by u g Uh = \ g ^h u ghi where g,h G G and 

X 9ih G A = {A a , b G U(K) \a,be G}. 

Note that if A^^ = 1 for all g,h G G, then i^G = KG, where -ftTG is the group 
ring of the group G over the ring K. 

Properties of twisted group algebras and their groups of units were studided by 
many authors, see, for instance, the paper by S. V. Mihovski and J. M. Dimitrova 
[1]. Our aim is to describe the structure of /-normal twisted group rings. This result 
for group rings was obtained in [2, 3]. 

We shall refer to two twisted group rings K\G and K^G as being diagonally 
equivalent if there exists a map 9 : G — > U (K) such that 

A a , & = 0(a)0(% a , b (0(a&))- 1 . 

We say that a factor system A is normalized if it satisfies the condition 

A a ,i = Ai,b = Ai t i = 1 
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for all a, 6 G G. 

Hence, given K^G there always exists a diagonally equivalent twisted group ring 
K\G with factor system A defined by X a ^ = ji^^a^ such that A is normalized. 
From now on, all the factor systems considered are supposed to be normalized. 

The map cf> from the ring K\G onto K\G is called an involution, if it satisfies 
the conditions 

(i) <f>{a + b) = (j){a) + 0(6); (ii) </>(ab) = (j){b)(j){a); (iii) </> 2 (a) = a 
for all a, b G K\G. 

Let / : 67 — > U(K) be a map from the group 67 onto the group of units U(K) 
of the commutative ring K, satisfying /(l) = 1. For an element a; = YlgeG a g u g e 
K A 6 we define x f = J2geG a gf(9)u~ 1 e ^a6. 

Let a; — * be an involution of the twisted group ring K\G. The twisted group 
ring K\G is called f -normal if 

(2) xx? = x^x 

for all x G Ka67. 

Recall that a p-group is called extraspecial (see [4], Definition III. 13.1) if its 
centre, commutator subgroup and Frattini subgroup are equal and have order p. 

Theorem. Let x — > X? be an involution of the twisted group ring K\G. If the 
ring K\G is f -normal then the group G and the ring K satisfy one of the following 
conditions: 

1) 67 is abelian and the factor system is symmetric, i.e. = A& )a for all a, b G G; 

2) 67 is an abelian group of exponent 2 and the factor system satisfies 

(3) (Xa,b- V)(l + /(6)A b " 6 1 ) = 
for all a, b G 67; 

3) 67 = H x Ci is a semidirect product of an abelian group H of exponent not equal 
to 2 and 62 = (a | a 2 = 1) with h a = h~ x for all h G H , the factor system of H 
is symmetric, f(a) = —X a , a o,nd 

(4) Xa,h = f{h)X^ h -i\h-\a-, ><h,a = f(h)X^ h . 1 X ath -i; 

4) 67 is a hamiltonian 2-group and the factor system satisfies 

4.i) for all noncommuting a, b G 67 

(5) X a ,b = /(a)A~i_iA 6ia -i = /(^A^.iAfo-i^; 

4.ii) Xg^ h = X h! g for any h G C G ({g)) and /(c) = A CjC /or every c 0/ order 2; 

5) 67 = T Y 64 is a central product of a hamiltonian 2-group Y and a cyclic group 
64 = (d I d 4 = 1) with T' = (d 2 ). The factor system satisfies (5) and 
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where a, b G V, a 4 = b 4 = 1 and [a, b] 7^ 1; 

6) G is either E xW or (E Y C4) x W , where E is an extraspecial 2-group, E Y C4 
is i/ie central product of E and C4 = (c \ c 4 = 1) u>ii/i E' = (c 2 ) and exp(VF)|2. 
The factor system satisfies: 

6.i) If a e G has order 4 t/ien X a ^h = Xh, a for all h G Co({a)); 

6.ii) i/ (a, 6) is a quaternion subgroup of order 8 of G then the properties (5) 
and (6) are satisfied for every d G Cc((a, 6)) 0/ order 4, and f(v) = X VjV 
for all v G Cc((a, b)) of order 2; 

6.iii) if (a, 6 | a 4 = b 2 = 1) is £/ie dihedral group of order 8, then f(b) = —Xb,b 
and the properties (4), (6) are satisfied for every d G Cc((a, b)) of order 4. 

Moreover, the conditions l)-5) are also sufficient for K\G to be f -normal. The 
condition 6) is sufficient if K is an integral domain of characteristic 2. 

2. Lemmas 

Let C4, Qs and D% be a cyclic group of order 4, a quaternion group of order 8 
and a dihedral group of order 8, respectively. As usual, x y = y _1 xy, exp(G7) and 
Cc((a,b)) denote the exponent of G and the centralizer of the subgroup (a, b) in 
67, respectively. 

It is easy to see that A ff g -i = X g -i^ g and u~ x = A~^_x?i 3 -i hold for all g G G. 

Lemma 1. The map x — > is an involution of the ring K\G if and only if 
f(gh)Xl h = f(g)f(h) for all g,heG. 

Proof. Let the map x — > x^ be an involution of the ring K\G. If g, h G 67, then 

(u g u h ) f = u{u f g . Thus 

^9,hf{gh)U-^ = {X g ^ h U gh ) f = (UgU h ) f = f ( ) f (k) VT g ^ 

= mfmx-Xugh)- 1 

and / WAj ih = /(o)/(/i) for all g,heG. □ 

Clearly, if K\G is a group ring, then the map x — > is an involution of the 
group ring i^G if and only if / is a homomorphism from 67 to U(K). 

Lemma 2. if the ring K\G is f -normal then the group G satisfies one of the 
conditions l)-6) of Theorem 1. 

Proof. Let K\G be an /-normal twisted group ring. If a, b G G and a; = u a + u\> G 
K\G, then a;' = /(a)^ 1 + f(b)u^ and by (2) 

/( tt ) A a a-iK-ifiUa-ib + /(&)A^-i A 6 -i )Cl ?/ 6 -i a 

(7) ^ 

= /( a )A aj I 1 -iA6 )a -i'U6 a -i +/(6)A 6i6 _ 1 A 0)6 -iu o6 -i. 

Now put y = u a {ux + u b ). Then yf = (m + /(6)u^" 1 )/(a)u- 1 and by (2) 
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II. Let [a, b] ^ 1 for a, b G G and a 2 = 1, 6 2 ^ 1. Then by (8) we have b a = b' 1 and 
by (7), f(a) = —X a ,a- The factor system satisfies 

{K,b = f(b)X b l-Ab- 1 , a ', 

Let G be a nonabelian group and let W — {g G G | # 2 7^ 1}. 

First we consider the case when the elements of W commute. Then (w | w G W) 
is an abelian subgroup and if 6 G and a G G \ (W) then a 2 =l and (ab) 2 = 1. 
Therefore, b a = b' 1 for all b E W. Let c G C G (W) \ W- Then c 2 = 1, 
(c6) 2 = 1 and cb (W). But (cb) 2 = c 2 b 2 = 1 and b 2 = 1, which is impossible. 
Therefore, Cc((W)) = (W) and H = (W) is a subgroup of index 2. This implies 
that G = H-x{a) and /i a = /i" 1 for all heH. 

Now suppose that in W there exist elements a, 6 such that [a, 6] 7^ 1. Since 
a 2 7^ 1 and 6 2 7^ 1, by (I) we have a 2 = b 2 and b a = ft -1 . Then 6 2 = a6 2 a _1 = 6~ 2 
and the elements a, 6 are of order 4. Clearly, the subgroup (a, 6) is a quaternion 
group of order 8. Let c G Cc((a,6)). If c 2 7^ 1 and (ac) 2 7^ 1 then (I) implies that 
(ac) b = (ac) -1 and c 2 = 1, which is impossible. Therefore, if c G Cc((a, b}) then 
either c 2 = 1 or c 2 = a 2 . 

Let Q = (a, b) be a quaternion subgroup of order 8 of G. Then we will prove 
that G = Q ■ Cg(Q)- Suppose g G G\ Cq{Q)- Pick the elements a, b G Q of order 
4 such that a 9 = a" 1 and 6 5 = ft -1 . Then (a6) 9 = a& and d = gab E C G (Q). It 
follows that (7 = <i(a&) _1 and G = Q ■ Cq{Q)- Similary as in [3] we obtain that G 
satisfies the conditions 4) or 5) of the Theorem. □ 



3. Proof of Theorem 



Necessity. Let K\G be /-normal. Then by Lemma 2 G satisfies one of the 
conditions l)-5) of the Theorem. 

First, suppose that G is abelian of exponent greater than 2 and a, b G G. If 
b 2 7^ 1 then by (8) we have = Ab, a - 

Let a, b be elements of order two and assume that there exists c with c 2 = a. 
Then by (1) we have 

(10) A c 2 b A CiC = \ Ci cb\ c ,b and A biC 2A CjC = Af, C)C Ab, c - 

Since c 2 7^ 1, we have \ c , c b = ^bc,c and A C) & = A& )C . Then (10) implies A c 2 b = A & c 2 



STRUCTURE OF NORMAL TWISTED GROUP RINGS 



5 



Let a 2 = b 2 = 1 such that neither a nor b is the square of any element of G. 
Then there exists c such that (ca) 2 7^ 1. Thus, 

(11) ^ca,b^c,a = Xc,ab^a,b-, ^b,ac^a,c = ^ba,c^b,a- 

Since X bjac = X aCjb and A c>a = A a , c from (11) we have X ajb = A 6 , a for all a, 6 G G. 
Therefore, if G is abelian and G 2 7^ 1 then the factor system is symmetric and K\G 
is commutative. 

Now, let exp(G) = 2. Then by (8) X a , b + f(b)X^X a , b = X b , a + f(b)X^ b X b , a for 
all a,beG. Therefore, (A a>6 - A M )(1 + f(b)X^ l b ) = 0. 

Next, let G = H xi C2 be a semidirect product of an abelian group H with 
exp(#) 7^ 2 and C 2 = (a | a 2 = 1), and with /i a = /i" 1 for all h G H. Clearly, K A # 
is /-normal and the factor system of H is symmetric. Put x = Uh + u a for h G . 
Since K\G is /-normal, we have Sf(x) = xx$ — x?x = and 

f(a)X~} a X h , a u ha + f{h)X~ l h ^Xa,h-^u ah -i 

(12) 

-f( h )X hih -iX h -i, a u h -i a - f(a)X aa X a:h u ah = 0. 

We will prove u a Uh = u^Ua for every h <E H. 

First, let /i 2 7^ 1. Because /i a = h~ l , by (12) we have 

(13) U f a U h + u{u a = 

and 

/W\. I k + /W,i-iVi 1 . = 0; 



(14) 



Now, let h 2 = 1. Then there exists 6 G H with 6 2 7^ 1 and (/1&) 2 7^ 1. Put 
a; = u a + UhU b . Because (hb) a = (/i6) _1 and Sf(x) = xx? — x?x = we have 

(15) u f a u h u b + {u h u b ) f u a = 0. 

Since [uh,u b ] = 1, by (15) and (13) we have ul(uhU b ) = ulu b Uh = —ulu a Uh and 
u[(uhU b ) = —{uhU b y u a = —u b u^u a . Therefore, u a Uh = u^ h u a for all h G H and 
this implies 

X a ,h = f(h)X hh _ 1 Xf l -i ja ; 
Xh, a = f(h)X hh _ 1 X ajh -i, 

and, by (14), /(a) = -A a , a . 

Let 67 be a hamiltonian 2-group. It is well known (see [5], Theorem 12.5.4) that 
G = Qs x W, where Qs is a quaternion group and exp(VF)|2. If a, b G G are 
noncommuting elements of order 4, then a b = a -1 and by (8) we have 4.i) of the 
theorem. If c, d G G are involutions, then c and d commute with all a G G of order 
4. Then i7 = (a, d, c) is abelian of exponent greater than 2 and K\H is /-normal. 
By the condition 1) of the theorem, the factor system of H is symmetric, and u a 
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Now prove /(c) = A C)C for all involutions c G G. Choose the elements a, b of 
order 4 such that b a = Put x = u c u a + Ub- Since X a , c = A Cja and Xb, c = A C) & 
by (2), for x we obtain 

S f (x) = (f(b)u a u^ + /(a)/(c)A-^ 6 «- 1 

- f{b)u~ l u a - fi^fi^X-lu^u^Uc = 

and fifyX^l-iXaj-i = f( c )f( a )K,lK?a-i X a~\b- From this property and (9) we 
deduce f(c) = A C)C . 

Now, suppose that either G = ExW or G = (E Y C 4 ) x W, where E is 
an extraspecial 2-group, exp(W)|2 and EYC± is the central product of E and 
C 4 = (c) with E' = (c 2 ). 

Let a be an element of order 4 and ft G Cc((a)). Then by the condition 1) of 
the theorem A 0j/l = A fejffl . 

Let (a, 6 | a, 6 G G) be the quaternion subgroup of order 8. Then by 4) we obtain 
(5). 

Now, let G = (a, b) Y (d | d 4 = 1) be a subgroup of G and d 2 = a 2 . Then 
a b = a -1 , and (a, d) and (6, d) are abelian subgroups of exponent not equal to 2 and 
by the condition 1) of the theorem, X a ,d = X d , a and A^ = Xd,b- Put x = Ub + u a Ud- 
Since K\G is /-normal, we obtain 

f( b )K,b-i X a,b-lU ab -iU d + f{d)f(a)X~^_ 1 X^ d -lX bja -lU ba -lU d -l 

= /(d)/(a)A^_ 1 AT^„ 1 A a ^i ;b w a -i 6 w d -i + /(fc)A~J_ 1 A 6 -i )a « 6 -i a M d 
and by (5) 

Xb,aX ab -i j dU a b- 1 d + f(d)X d ^ d _ 1 X a ,bX b a-i,d- 1 'Uba-ld- 1 
= f(d)X d ^ d _ 1 Xb,a^a- 1 b,d- lU a- 1 bd- 1 + X a,bX b -i a ,d u b- 1 ad- 

Since d 2 G G" and a 2 = 6 2 , we have a~ 1 bd~ 1 = abd, ab~ 1 d = ba~ 1 d~ 1 and 

Xb, a Xba,d + f(d)X d d _! A a; bA a6;d -i = 0. 

Therefore, we proved 6.i). 

If (a, 6 | a 4 = 6 2 = 1) is the dihedral subgroup of order 8 of 67, then by 3) of the 
theorem we have (4) and f(b) = —Xb,b- 

Let L = D 8 Y C 4 = (a, 6 | a 4 = b 2 = 1) Y (c). Then any x G K A L can be 
written as x = xq + x\u c , where xq,x\ G K\D 8 . Since K\G is /-normal, K\L is 
/-normal, too, and (xqX\ — X\Xq)u c = (xqx{ — x{xo)u-[. By the /-normality of 
K\D$ (xo + xi)(xo + x\)f = (xo + x\)f (xq + x\) and we have 

If Xq^i — xiXq can be written as a sum of elements of form u[ub — Ubu[ then 

(Xjfxi - Xix{)(ti c - lt£) = (A6, a A &a , c + /(c)A~J-iA 0) &A o6)C -i)tt6ac 
— (A a ,bA a 6 )C + /(c)A cc _ 1 A6 5a A5 a)C -i)'U a 6 c = 
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Sufficiency. We wish to prove that Sf(x) = xx? —x?x is equal to for all x G KG. 
Let x = J2 g eG a 9 u 9 e K\G. It is easy to see that Sf(x) is a sum of elements of 
the form 

Sf{g, h) = CtgCthifityX^^Xgfi-lUgh-l + f(g)\~l-l\h, 9 -lU h g-l 

First, let G be abelian of exponent greater than 2, and assume that the factor 
system of G is symmetric. Then K\G is commutative, and therefore, /-normal. 

Next, suppose that G is of exponent 2 and the factor system satisfies 
(X 9 ,h -A M )(1 + f(h) A^) = for all g, h G G. 
This implies (X g , h - \ b , h )(f(g)\g,l ~ f(h)X^ h ) = for all g,h G G. Then 

S f (g, h) = a g a h (f(h)\-^ h \ g:h u gh + f(g)X~^X hy gU hg - f{h)X~\X Kg u hg 

-f(g) X g^9 X 9,h U 9h) = ®g®h(f(h)X^ h - f{g)X-l)(X g , h - XhJUgh = 

and Sf(x) = 0, thus, K\G is /-normal. 

Now, let G = H xi C 2 , where H is an abelian group of exponent not equal to 
2 and C 2 = (a) with h a = hr 1 for all h G H. Using the properties of the factor 
system we obtain 

f{a)u- 1 u h = -f{h)u^u a , fi^UhU' 1 = -f{h)u a ul l , 

(16) 

u{y = -y f u a , yu{ = -u a y i 

for any h G H and y G K\H. If x = x\ + £2^ G -ft^Cr where xi, £2 G K\H, then 
x? = x{ + f{a)u~ 1 X2 and 

ix^ = + f(a)xiu~ 1 x 2 + X2U a x{ + f(a)x 2 x^. 

Because in i^A-H" the factor system is symmetric and K\H is commutative, by (16) 
we have 

xx f = xix{ + (x 2 xi - x 1 x 2 )u a + f(a)x 2 x{ = x x x{ + f(a)x 2 x{. 

Similarly, x^ x = x{x\ + f(a)xlx 2 and we conclude that Sf(x) = and K\G is 
/-normal. 

Next, let G be a hamiltonian 2-group. Then G = Qs x W, where Qg = (a, b) 
is a quaternion group and exp(W)|2. Suppose that the conditions 4.i)-4.ii) of the 
theorem are satisfied. If H = (a 2 , W) then any element x G K\G can be written as 

X = X + X\U a + x 2 u b + x 3 u ab , 

where Xi G K\H, (i = 0, . . . , 3). Since (a) x H and (b) x H are abelian groups of 
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with u a , u b and u ab . Since K\H is /-normal, we have XiX- — xfxj = x-Xi — xjxj . 
Using these properties we obtain 

S f (x) = {x X x{ - x{x 2 )(Xb,aUba ~ X a , b U ab ) 

+ {x X x{ - X f 1 X 3 )(X abt aU b - X a ,abU b 3) 
f i 

+ (X 2 X J 3 - X J 2 X 3 )(X abjb U a 3 - X b , ab U a ). 

f f 

Clearly, the element X -I X j X ^ X j 03)11 be written as a sum of elements of form 

S f (c, d) = 7c,d(/(rf)wc«d 1 - fi^u^Ud), 

where c, d G H. Since H is an elementary 2-subgroup, by the condition 4.ii) f(d) = 
Xd,d, /(c) = A C)C , and we obtain 

S f (c, d) = ~fcAf( d ) X d4 X c,dUcd - f(c)X-lX c , d u c d) = 0. 

Therefore, Sf(x) =0 and K\G is /-normal. 

Next, let G = H x W ', where H is an extraspecial 2-group and exp(VF) |2. Since G 
is a locally finite group, it suffices to establish the /-normality of all finite subgroups 
H of G. Let G be a finite group and G = H x W, where if is a finite extraspecial 
2-group and exp(W)|2. We know (see [4], Theorem III. 13.8) that H is a central 
product of n copies of dihedral groups of order 8 or a central product of a quaternion 
group of order 8 and n — 1 copies of dihedral groups of order 8. We can write 
H n = H. Then G = H n x W and by induction on n we prove the /-normality of 
K\G. 

If to = 1 then either Hi = Q 8 or Hi = D 8 or Hi = Q 8 Y C 4 . In the first 
and second cases the /-normality K\G is implied by the conditions 3) or 4) of the 
theorem. 

Let G = Qs Y C4. Then any element x G K\G can be written as x = xo + xiu c , 
where xi G K\Qs, c G C4 and c 2 G Qs- From the /-normality of K\Qs we obtain 
XqXi — xiXq = x{xq — xqx{ and Sf(x) = {x^x\ — x\Xq)(u c — u[). The element 
XqXi x ]_ x q Cctn be written as a sum of elements of form a(ulu b — u b ul), where 
a G K, a, 6 G Qg- We will prove Sf(a,b) = {u^ a u b — u b ul)(u c — u[) = for all 
a, be Qs- 

If a, b G Qs does not generate Qs then u a u b = u b u a and Sf(a,b) = 0. Let 
(a,b) = Q 8 . Then by (5) 

S f (a, b) = (X h)a u ha - X a)h u ah )(u c - u f c ) 

= (X bja X ba}C + f(c)X c l_ 1 X aib X abjC -i)u bac 
+ (X a ,bX ab ,c + f(c)X~l_ 1 X bya X ba!C -i)u abc 

and from (6) Sf(a,b) = 0. 

It is easy to see D$YD 8 = Q 8 Y Q 8 , and H n (n > 1) can be written as 



STRUCTURE OF NORMAL TWISTED GROUP RINGS 9 

Let Q 8 — (a, b) and L = W x H n -\. Any element x e i^A^ can be written as 

X = Xq + x x u a + x 2 u b + X 3 U a U b , 

where Xi G K\L. By 6.i) the Xi commute with u a and u b . Since (a, b) is a quaternion 
group of order 8, by the condition 6.ii) of the theorem we have u a Ub = u(u a = u b u[. 
Hence, 

Sf(x) = (xox{-x{xo)u{ + (xox{-x{xo)u{+(xqx{-x{xq)u{u{ 

+(x 1 xl-xlx 1 )u a +(x 1 xl-x{x 2 )u a ul + (x 1 x{-x{x 3 )u b f(a) 
(17) +(x2xl-x{x2)ub+(x2x{-x{xi)u a Ub+(x2x{-x{xz)u{f{b) 
+(x 3 x{ - x{x 3 )u a u b + (x 3 x{ - x{xi)u a u ab 
+{x 3 x f 2 -x{x 2 )u a f{b). 

Since by induction K\L is /-normal, (xi + Xj)(xi + Xj)f = 

( rp . I rp f { < y . I rp . ^ t tv-1 "1 A 1 1 Ci Q rp . y / >j ^ / >j . rp f rp . rp . rp f q T } s~\ rp . rp f rp f rp . rp f rp . rp . rp f 

y ju j \~ juj j y «x< I \~ j J i j i 3 — j ^ 3 % ^ ^ J J * — i 3 J i ' 

Therefore, by (17) 

= (x ^( - x{x )(w{ - -u a ) + (xoaj - x f 2 x )(u f b - u b ) 

+ (xqx^ - x[x ){ul - u a )u b + [x\x{ - x{x 2 )u a (ul - u b ) 

+ {xix{ - x{x 3 )u a {u b - u f b )f(a) + (x 2 x f 3 - x{x 3 ){u f a - u a )f(b). 

f f 

Clearly, the element be written as a sum of elements of form 

Sf(c, d) = 'JcdiucUj — u d u c ) : where c,d e L, 7 C; ^ e K. We will prove S/(c, d, a) = 
(u c u d — u d u c )(u a — u[) = for any c, <i G L. 

We consider the following cases: 

Case 1). Let [c,d] = 1. Then L = (c,d,a) is abelian with exp(L) ^ 2, and by 
6.i) the factor system is symmetric and «S/(c, d, a) = 0. 

Case 2). Let (c, d) = Q 8 . Then by 6.ii) (5) holds and 

(*u c -u^ - u f d u c )(u a - u{) =(Xd,Adc,a + /(a)A~^_iA C)d A cd)Cl -i)M dca 

— (A C) dA c d ja + /(a)A aa _ 1 Ad, c A a -i )( i c )'u c d a 

Now by 6.ii) the property (6) is satisfied and we conclude Sf(c, d, a) = 0. 

Case 3). Let (c, d) = D 8 and c 4 = rf 2 = 1. Then by 6.iii) f(d) = -X djd and by 
(4) we have that 

(u c U f d - U f d U c )(u a - U f a ) = (\ d , c Udc ~ K,d u cd){u a - u{) 
= (X c ,dX c d,a + f {o)X a ^ 1 \dc,a- 1 Xd,c)U c da 
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Now by 6.ii) we have (6) and we conclude Sf(c, d, a) = 0. 
Case 4). Let (c, d) = D 8 and d 4 = c 2 = 1. Then by (4) 

u c u d ~ u d u c = f{d)^ d -iK,d-^ dc ~ f{d)X^ d -iXd-\ c u c d 

= ^d,cUdc — X c , d U cd . 

Similarly to the case 3) we have Sf(c, d, a) = 0. 

Case 5). Let (c,d) = D 8 and d 2 = c 2 = 1. Then by 6. hi) f(d) = -X d)d . In 
(c, d) we choose a new generator system {a\, bi \ a\ = b\ = 1, a^ 1 = cii 1 } such that 
c = bi and d = a\b\, where % = 1 or 3. Then a 2 = a 2 and 

(u c u f d - u f d u c )(u a - u{) = (u d u c - u c u d )(u a - u{) 

= X albS U a.i U bi ~ U bl U al )(u a - U f a )u bl . 

As in the Case 3) it is easy to see (u a i^Ub 1 —u^u^faa — ul) = and Sf(c, <i, a) = 0. 

Analogously, the element be written as a sum of elements of 

form "f C: d(u c u d — u{u d ), where c, <i G L. Let us prove that if c, d G L, then 

Sf{c,d, a) = (u c u f d - u f c u d )(u a - u{) = 0. 

Let z G L, a G be commuting elements of order 4 with z 2 = a 2 . First, we 
will prove that K is of characteristic 2, then (ii 2 + ul)(u a + ul)=0. 

Indeed, 

(«« + u l)( u a + u{) = (X z , a + f(z)X^ z - 1 f(a)X~^_ 1 X z -\a-^)Uza 
+ (/( a ) A a,i-l A ^«- 1 + f( Z )K^ X z-\a) U zat- 

First let za be a noncentral element of order 2. Then by 6. hi) f(za) = X za ^ za . Since 
((u z u a )u a )u a 3 = u z (u a (u a u a 3)) we conclude that 

X z ,aX za ,aX za 2 ja 3 = A 2ia A a) lA aia -l 

and A a,l-i = ^^A" 1 ^. Clearly, f(z)f(a) = f{za)X 2 Z)a = A 2a , 2a A 2 ;a and 
A,, a + /(^)Ajj_ 1 /(a)A a - 1 a _ 1 A 2 - 1 , a - 1 

= A 2ia (l + (X za ,azX a ,z)X z ;Z -i A a a _i A z -i >a -i ) 

(18) = A 2 , a (l + A ZjZa 2A 0)az A~ a _ 1 A~ ;8a2 A 2 -i j0 -i 

= A 2ja (l + (A a)Clz A zaa)a -i)A a>a _ 1 ) 
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By (1) we have 

(^.Q-^za- 1 ^- 1 )^" 1 ^ = ^z,a- 1 za- 1 ^a- 1 ,z- 1 a^z~ 1 ,a 
= ^z,z- 1 (^a- 1 ,az- 1 ^a,z- 1 ) = A 2 -i i2 A aa -i )2 -i A aia -i = ^-'.z^a^- 1 

and since az~ x has order 2, f(az~ x ) = X az -i az -i, and we obtain 

/(a- 1 )- 1 /(a- 1 )(/(a)A a " 1 a _ 1 A 2 , a - 1 + /(zJA^ A z - V ) 

= /(«- 1 )- 1 (At a - 1 A- 1 a _ 1 A z , a - 1 +/(a 2 - 1 )A^ 1)2 A-i_ 1 A 2 - lia ) 
(19) = /(a~ 1 )~ 1 (A aia -iA 2ia -i+A Z)a -i(A ;2)a -iA a2 -i )az -iA ;2 -i ia )A~ 2 _ 1 ) 

= /(a _1 ) _1 (A2 ja -i(A a -i ja - A^^-iAa-i^Aj. 1 ! z A 2 -i ;a ) 
= 2/(a- 1 )- 1 A 2ia - 1 A a , a - 1 =0. 

Clearly, if [c, d] = 1 then Sf(c, d, a) can be written as 

5/(c, d, a) = (w c w^ + (u f d u c ) f )(u a - u{) 
= /(^)A d , d -iA C)d -i(M cd -i - u^_i)(u - <)• 

Similarly, the element %3u j *^ % *^ j can be written as a sum of elements of form 
lc,d(u c u d — u[ud), where c, <i G L. Now let us prove 

Sf(c,d, a) = (u c u f d -u f c u d )(u a - u{) = 0, 

where c, d G L. 

We consider the following cases: 

Case 1). Let [c, <i] = 1, c 2 = d 2 = 1 and c, d ^ C(G)- Then S 1 = (c,d,a) is 
abelian of exponent greater that 2 and by 6.i) the factor system of S is symmetric. 
We know that in L every element of order 2 is either central or coincides with a 
noncentral element of some dihedral subgroup of order 8. Since c, d C(^)> we 
have /(c) = A C)C and /(d) = A djd and 

S/(c, d, a) = A C)d (/(d)A^ ~ f{c)\~} c )u cd (u a - u{) = 0. 

Case 2). Let [c, d] = 1, c 2 = d 2 = 1 and c, d G C(G9- Then c = d = a 2 and 
S/(c, d, a) = 0. 

Case 3). Let [c, d] = 1, c 2 = d 2 = 1 and c G ((G), d £ {(G). Then f(d) = A^J, 
c = a 2 and 

S f (c,d, a) = -u d (u a 2 +u f a2 )(u a -u{) 
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Since K is an integral domain of characteristic 2 and / 2 (a 2 )=A 2 2 a 2,/(a 4 ) = 
A 2 2 a 2, we conclude /(a 2 ) = ±A a 2 a 2 and Sf(c, d, a) = 0. 

Case 4)- Let [c, <i] = 1, d 2 = 1 and suppose that c has order 4. Then dc has 
order 4 and by (20) S/(c, d, a) = 0. 

Case 5j. Let [c, d] = 1 with c, d of order 4. Then d 2 = c 2 = a 2 , 

S/(c, d, a) = (/(d)A~J_ 1 A C)d -i + /(^A^.jAc-i^)^-!^ - u{), 

and by (19) we have Sf(c, d, a) = 0. 

Case 6). Let (c, d) be a quaternion group of order 8. Then by 6.ii) (5) holds and 

u c u{ - u{u d = (/(d)A^_ 1 A Cjd -i - /(cOA-^Ac-i^K-id 
= (Ad, c - Ad, c )w c -id = 0. 

Case 7). Let (c, d) = D 8 . If c 2 ^ 1, then /(d) = X d:d and 

S/(c, d, a) = (X c ,dU cd + f{c)\~^\c-^,dU dc ){u a - u{) 
= (K,d,u cd + \ d , c u dc )(u a - u{) = (X C)d X cdj a + f(a)X a!a -iX djC X dc )u acd 
-(X d , c X dc ,a + f(a)X a ,a~ 1 K,dX cdta -i)u ad c- 

By (6) we obtain «S/(c, d, a) = 0. 

Case 8). Let (c, d) be a dihedral group of order 8 and c 2 = d 2 = 1. Then 
f(d) = X d ,d, /(c) = A C)C and S f (c, d, a) = 2u c u d (u a - m{) = 0. □ 
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